Abstract: Let f be a partially hyperbolic diffeomorphism. f is called has the quasishadowing property if for any pseudo orbit {x k } k∈Z , there is a sequence {y k } k∈Z tracing it in which y k+1 lies in the local center leaf of f (y k ) for any k ∈ Z. f is called topologically quasi-stable if for any homeomorphism g C 0 -close to f , there exist a continuous map π and a motion τ along the center foliation such that
Introduction
The goal of this paper is to investigate the quasi-shadowing property and its relation to the quasistability for partially hyperbolic diffeomorphisms under certain assumptions on the foliations.
It is well known that any Anosov diffeomorphism f on a closed manifold M has the shadowing property (see [1] and [4] for example). That is, for any ε > 0 there exists δ > 0 such that every pseudo orbit ξ = {x k } +∞ −∞ with sup k∈Z d(f (x k ), x k+1 ) ≤ δ is ε-shadowed (ε-traced) by some true orbit orb(x) in the sense of sup k∈Z d(f k (x), x k ) ≤ ε. However, for any partially hyperbolic diffeomorphism we cannot expect that in general the shadowing property holds since in this case a center direction is allowed in addition to the hyperbolic directions. Therefore, how to find an analogous property is interesting.
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For partially hyperbolic diffeomorphisms, we can not expect such stabilities because of the existence of the center direction.
Recently, Hu and Zhu [7] showed that any partially hyperbolic diffeomorphism f : M −→ M without any additional assumption is topologically quasi-stable in the following sense: for any homeomorphism g C 0 -close to f , there exist a continuous map π from M to itself and a family of locally defined maps {τ x : x ∈ M }, which map points along the center direction, such that
In particular, if f has C 1 center foliation, the motion τ can be chosen along the center foliation. To get these quasi-stability results, we also used a unified "analytic" method. However, if one want to get the quasi-stability with the motion τ also moving points along the center foliation without the smoothness assumption on the center foliation, this "analytic" method also seems ineffective. Fortunately, now we can resort to the quasi-shadowing we obtain in Theorem A. Recently, Kryzhevich [9] showed that dynamical coherence implies plaque expansivity. Quasi-shadowing and plaque expansivity for partially hyperbolic diffeomorphisms are the counterparts of shadowing and expansivity respectively for Anosov diffeomorphisms. Hence, we can apply these two properties to get the topological quasi-stability with the desired motion τ for the partially hyperbolic diffeomorphism under the assumption of dynamical coherence (Theorem B).
Definition and statement of results
Everywhere in this paper, we assume that M is a smooth m-dimensional compact Riemannian manifold. We denote by · and d(·, ·) the norm on T M and the metric on M induced by the Riemannian metric, respectively.
A diffeomorphism f : M → M is said to be (uniformly) partially hyperbolic if there exist numbers λ, λ ′ , µ and µ ′ with 0 < λ < 1 < µ and λ < λ ′ ≤ µ ′ < µ, and an invariant decomposition
hold for some number C > 0. The subspaces E s x , E c x and E u x are called stable, center and unstable subspace, respectively. Via a change of Riemannian metric we always assume that C = 1. Moreover, for simplicity of the notation, we assume that λ = 1 µ . For general theory of partially hyperbolic system, we refer to [5] , [11] , [2] and [3] .
A partially hyperbolic diffeomorphism f is called dynamically coherent if , ω ∈ {s, c, u, cs, cu} the corresponding local manifolds of size ε. We also call these local manifolds plaques.
Theorem A. Let f : M → M be a partially hyperbolic diffeomorphism. If f is dynamically coherent then f has the quasi-shadowing property in the following sense: for any ε > 0 there exists δ > 0 such that for any δ-pseudo orbit {x k } k∈Z of f , there exists a sequence {y k } k∈Z with
Now we consider an application of our result to the quasi-stability. f is called plaque expansive with respect to the center foliation W c if there exists η > 0 such that for any η-pseudo orbits {x n } ∞ n=−∞ and {y n } ∞ n=−∞ in which f (x n ) and f (y n ) lie in the center plaque W c η (x n+1 ) and W c η (y n+1 ) respectively, x n and y n must lie in a common center plaque, i.e., x n ∈ W c η (y n ). Such an η is called a plaque expansiveness constant of f . Recently, Kryzhevich [9] showed that for any partially hyperbolic diffeomorphism, dynamical coherence implies plaque expansivity. Applying quasi-shadowing and plaque expansivity properties, we can get the following quasi-stability property.
Theorem B. Let f : M → M be a partially hyperbolic diffeomorphism. If f is dynamically coherent, then f has the topological quasi-stability in the following sense: for any ε > 0 there exists δ > 0 such that for any homeomorphism g of M with d(f, g) < δ there exist a surjective continuous map π : M → M and a family of motions {τ x : x ∈ M } which move points along the center foliation and are continuously dependent on x such that
i.e., the following commutative diagram
− −→ M holds. Remark 1.1. In Theorem B, the family of motions {τ x : x ∈ M } are continuously dependent on x means that τ x • f • π(x) tends to τ y • f • π(y) as y tends to x. Here we write the motions in the form τ x , x ∈ M to indicate their dependence on x. In fact, from the definitions of π and τ x in the proof of this theorem, there possibly exist two points x, y ∈ M with π(x) = π(y) but πg(x) = πg(y), and hence
However, when the homeomorphism g in Theorem B is also expansive, then the family of motions {τ x : x ∈ M } is "coherent" and form a homeomorphism. close to f there exist two homeomorphisms π and τ on M such that
where τ maps every point to its image along the center foliation.
Quasi-shadowing
To prove Theorem A, we first list some facts about the foliations. By the dynamical coherence and transversality of the foliations, we have the following fact. 2) When x, y lie in a common center-unstable (resp. center-stable) leaf, the intersection
and consider the family of center plaques
where
Clearly, the union of the elements in L c,u r (x) form a centerunstable plaque, for convenience, we also denote it by L c,u r (x). Choose two unstable plaques D 1 and
r (x) and define a map h :
Clearly, the map is well defined and it is a homeomorphism onto its image. 
Note that for any k ∈ Z the corresponding foliations W ω , ω ∈ {s, c, u, cs, cu} of f k coincide with that of f , then we have the following fact.
Fact 2.3. f has the quasi-shadowing property if and only if f k so does.
This fact ensure me to assume the hyperbolicity constant λ is sufficiently small to meet our needs.
Proof of Theorem A. For any ε > 0, take α < ε 3 (correspondingly, r 1 and r 2 in Fact 2.2 are taken with respect to α), and then take δ and λ all small enough satisfying
3) 5) and such that the following two statements hold. Statement 1. Any stable, center, unstable, center-stable and center-unstable plaques which will be concerned in the following proof are all with the size less than max{L 0 δ 0 , δ 1 }, hence 1) and 2) in Let ξ = {x i } +∞ i=−∞ be a δ-pseudo orbit of f . We will find a sequence {y * i } +∞ i=−∞ which ε-quasishadows ξ in three steps.
Step 1. Find a sequence {y . Firstly, we consider a finite piece {x i } n i=0 of ξ for n ≥ 1. In the following, we will define four sequences
, {y i } n−1 i=0 and {y 
Note that by (2.2) and (2.3),
Now assume that for any 2 ≤ k ≤ n − 1,
Hence we can take
By the dynamical coherence, for any 1 ≤ i ≤ n, z i and z 
. From the definition of these four sequences and statement 2, we can see that each element in the
lies in an unstable plaque, and each element in the family {y i , z i , y
i=0 . Now we estimate, for 1 ≤ i ≤ n − 1, the distance between x i and y i . Since z
Hence,
Inductively, we can get that for 3 ≤ i ≤ n − 1,
Therefore, we prove that {y i } ′ . It is easy to see that
) for any i ≥ 1 and the sequence {y
Step 2. Find a sequence {y 
Let y ′ n+1 = f (z n ), y n+1 be the unique point in the intersection of the center plaque of y ′ n+1 and the stable plaque of z n+1 . Inductively define y ′ i = f (y i−1 ) and y i to be the unique point in the intersection of the center plaque of y ′ i and the stable plaque of z i for any n + 2 ≤ i ≤ −1, and let y 0 = f (y −1 ). From the construction and statement 2, we can see that each element in the family
lies in a stable plaque and each element in the family {z i , y i , z
. Now we estimate the distance between x i and y i for any n + 1
) and z n lie in a common stable plaque and
Hence by Fact 2.2, d(z n+1 , y n+1 ) < α and then
Therefore, we prove that
and let y 
. So by Fact 2.1, we can take 
lies in a center-stable plaque L c,s
For the negative direction, inductively define y * 
Also note 
Then by the plaque expensiveness, each pair of y * i andȳ * i must lie in a common center plaque. In particular, y * This gives (1.1). Similar to that for π, we can get the continuous dependence of {τ x : x ∈ M } on x from their construction.
This completes the proof of Theorem B.
